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Abstract
The moduli space of deformations of a formal group over a finite field is studied. We con-
sider Lubin–Tate and Dieudonné approaches and find an explicit relation between them employing
Hazewinkel’s universal p-typical formal group, Honda’s theory and rigid power series. The formula
obtained allows to give an explicit description of the action of the automorphism group of the for-
mal group on the moduli space. It essentially generalizes an analogous result of Gross and Hopkins
[Contemp. Math. 158 (1994) 23–88].
 2005 Elsevier Inc. All rights reserved.
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Introduction
There are two different approaches to the study of deformations of a formal group over
a finite field considered up to -isomorphism, where a -isomorphism between two defor-
mations means an isomorphism with identity reduction. First of them is due to Lubin and
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a formal group which represents the functor of deformations over complete local algebras
and thus provides a moduli space for it. Another approach is based on the Dieudonné the-
ory (see [3]) that assigns to any formal group over a finite field a profinite module over the
Dieudonné ring of this field which gives an equivalence between the category of formal
groups and the category of Dieudonné modules. For any deformation of a formal group
over a finite field which is defined over the ring of Witt vectors over this field, Fontaine
introduced a submodule in the Dieudonné module of this formal group in such a way that
-isomorphic deformations correspond to the same submodule (see [3]). Our aim is to
compare these approaches and establish an explicit relation between them.
Let Φ be a formal group over the perfect field l of characteristic p. Hazewinkel [5]
defined the universal p-typical formal group FT and proved that any formal group over any
Zp-algebra is isomorphic to a formal group which can be obtained from FT by applying
some Zp-homomorphism to its coefficients. Suppose that Φ is obtained from FT in this
way. Then we can use FT to construct the canonical universal deformation Γ of Φ which
is defined over the ring of formal power series in h− 1 variables with coefficients from the
ring of Witt vectors W(l), where h is the height of Φ . It gives a parameterization of the
Lubin–Tate moduli space and, in particular, allows us to fix the canonical deformation F0
of Φ over W(l) whose logarithm we denote by f0.
Then we fix an algebraic extension k of l and study the deformations of Φ over W(k). To
this end, we consider the non-commutative ring E of formal power series in the variable
∆ with coefficients in W(k) and multiplication rule ∆a = Frob(a)∆ for a ∈ W(k). The
ring E acts on the left on the set of formal power series with coefficients in the fractions
field of W(k). Then we define the Dieudonné module D as the E-module Ef0/P , where
P is the E-submodule of Ef0 consisting of the power series with coefficients in pW(k).
We denote D˜ = E∗(f0 + P) ⊂ D and introduce an equivalence relation on D˜ as follows:
b ∼ c iff ab = c for some invertible a ∈ W(k). We define the p-adic period map χ from
the set of -isomorphism classes of deformations of Φ over W(k) to the set of equivalence
classes in D˜ and prove that it is bijective.
Further, we observe that the former set can be supplied with a right action of the group
of k-automorphisms of Φ , and the latter one has a natural right action of the multiplicative
group of the ring Eu0/Eu0, where Eu0 = E ∩ u−10 Eu0 and u0 ∈ E is such that u0 ≡
p mod ∆, u0f0 ≡ 0 mod p. But according to the results of Honda [6], the map from
Eu0/Eu0 to the ring of k-endomorphisms of Φ which assigns to w +Eu0 ∈ Eu0/Eu0 the
reduction of the formal power series f−10 (wf0) is a ring isomorphism. Thus we obtain the
right actions of the same group on the set of -isomorphism classes of deformations of Φ
over W(k) and on the set of equivalence classes in D˜. We prove that the p-adic period map
χ is equivariant with respect to these actions.
Then we pass to our main object, namely, to finding an explicit formula for the
p-adic period map. For that purpose, we define an E-homomorphism α from Ef0 to certain
E-module in such a way that the image of P is equal to 0 and, moreover, its composi-
tion with the logarithm of the canonical universal deformation is a rigid analytic map on
Lubin–Tate’s moduli space which can be written down explicitly. Considering the first n
coordinate functions of this composition, we obtain a linear system of equation on the
coordinates of the p-adic period map χ that provides an explicit formula for it. We also
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be essentially simplified.
As an application we suggest the following result. If we take for the definition of the
p-adic period map χ our explicit formula, then the equivariance property of χ implies that
it can be used for explicit description of the group action on Lubin–Tate’s moduli space.
To be more precise, we consider two moduli τ, τ ′ ∈ pA × · · · × pA and the deformations
F,F ′ of Φ corresponding to τ, τ ′. Then the k-automorphism of Φ which is equal to the
reduction of f−10 (wf0), where w ∈ Eu0∗, moves the -isomorphism class of F to that
of F ′ iff for some a ∈ A∗, the equality aχ(τ1, . . . , τh−1)C(w) = χ(τ ′1, . . . , τ ′h−1) holds,
where C(w) is the matrix of the right multiplication in D by the element w with respect
to the W(k)-basis f0,∆f0, . . . ,∆h−1f0. This theorem can be viewed as a generalization
of the result of Gross and Hopkins [4] who proved such a formula in the case when Φ is
the reduction of the Artin–Hasse formal group. On the other hand, it extends the previous
authors’ result [2] concerning the action of the automorphism group on the zero orbit of
the Lubin–Tate polydisk.
The fact that the coordinate functions of the p-adic period mapping are rigid analytic
implies the continuity of this mapping as well as the continuity of the action of the automor-
phism group on the moduli space of deformations. The canonical metric on the Lubin–Tate
polydisk is defined in [9]. The explicit formula proved allows one to estimate the action of
the natural filtration of the automorphism group with respect to this metric.
We will use the following notation. If B is a ring, we write B∗ for its multiplicative
group. We also denote by B[[x]]0 the B-module of the formal power series without con-
stant term and by B[[x]]p the B-module of the formal power series which have non-zero
coefficients at xn only if n is a power of p.
1. Lubin–Tate moduli space of formal group deformations and the action of the
automorphism group on it
Let l be a perfect field of characteristic p, O the ring of Witt vectors over l and L the
fraction field of O . We consider a one-parameter formal group Φ over l of finite height h.
Let A be a complete Noetherian local O-algebra with maximal idealM⊇ pA and residue
field k = A/M⊇ l. A formal group F over A such that its reduction moduloM is equal
to Φ is called a deformation of Φ over A. If an isomorphism between deformations F and
G over A has identity reduction moduloM, we say that it is a -isomorphism. In this case
F and G are called -isomorphic. The -isomorphism class of the deformation F will be
denoted by [F ].
Lubin and Tate [8] constructed a moduli space for -isomorphism classes of deforma-
tions of Φ and defined an action of the automorphism group of Φ on it. Here we review
their main results.
A formal group Φ over l of height h is said to be in normal form if
Φ(x,y) ≡ x + y + aCph(x, y) mod deg
(
ph + 1)
i i ifor some non-zero a ∈ l, where Cpi (x, y) = ((x + y)p − xp − yp )/p.
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formal group in normal form.
Suppose Φ to be in normal form. A formal group Γ over O[[t1, . . . , th−1]] is called a
generic formal group for Φ , if the reduction of Γ (0, . . . ,0) modulo p is equal to Φ and
Γ (0, . . . ,0, ti , . . . , th−1)(x, y) ≡ x + y − tiCpi (x, y) mod deg
(
pi + 1)
for 1 i  h− 1.
Theorem 1.2 [8, Theorem 3.1]. Let Γ be a generic formal group for Φ and F be a defor-
mation of Φ over A. Then there is a unique (h−1)-tuple (τ1, . . . , τh−1), τi ∈M, such that
F is -isomorphic to Γ (τ1, . . . , τh−1) and the -isomorphism is uniquely defined.
Theorem 1.2 implies that Γ is a universal deformation of the formal group Φ , and the
set of -isomorphism classes of deformations of Φ over A is in one-to-one correspon-
dence withM× · · · ×M (h − 1 times). Thus we obtain a parameterization of the set of
-isomorphism classes of deformations of Φ .
The group Autk Φ acts on the right on the set of -isomorphism classes of deformations
of Φ over A in the following way. If ϕ ∈ Autk Φ and F is a deformation of Φ over A, then
[F ]ϕ = [g−1 ◦ F(g,g)], where g ∈ A[[x]]0, the reduction of g moduloM is equal to ϕ.
Proposition 1.3. Let F be a deformation of Φ over A. Then Orb[F ] is the set of the
-isomorphism classes of deformations of Φ which are isomorphic to F over A.
Proof. If ϕ ∈ Autk Φ and g ∈ A[[x]]0, the reduction of g is equal to ϕ, then g provides
an isomorphism between g−1 ◦ F(g,g) ∈ [F ]ϕ and F . If g is an isomorphism between
deformations G and F the reduction of g is an automorphism of Φ and it maps the class
[F ] to the class [G]. 
2. Hazewinkel’s universal p-typical formal group and the canonical universal
deformation
Hazewinkel used a universal p-typical formal group to get a parameterization of a large
number of generic formal groups, which in particular allows to choose one of them canon-
ically. We review here his construction.
Denote Λ = Qp[t1, t2, . . .], Ω = Zp[t1, t2, . . .]. Define a Qp-endomorphism σ of Λ by
σ(ti) = tpi . Let σ operate on the ring Λ[[x]]0 by the formula
σ
( ∞∑
cnx
n
)
=
∞∑
σ(cn)x
pn.n=1 n=1
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equation pfT −∑∞i=1 tiσ i(fT ) = px. We denote by dn the coefficient of fT at xpn . It is
clear that d0 = 1 and dn ∈ Qp[t1, . . . , tn] ⊂ Λ.
Proposition 2.1 [5, Eq. (3.3.9)].
pdn =
n∑
i=1
t
pn−i
i dn−i .
Lemma 2.2.
fT ≡ x + (ti/p)xpi mod t1, . . . , ti−1,deg
(
pi + 1).
Proof. The functional equation for fT implies dn ≡ tn/p mod t1, . . . , tn−1. The required
formula follows immediately. 
Theorem 2.3.
(i) fT is the logarithm of a formal group FT defined over Ω .
(ii) FT (x, y) ≡ x + y − tiCpi (x, y) mod t1, . . . , ti−1,deg(pi + 1).
Proof. The part (i) is an immediate consequence of Hazewinkel’s functional equation
lemma, see [5, Section 2.2(i) and Eq. (2.3.7)]. The part (ii) follows from Lemma 2.2. 
A formal group F over a Zp-algebra B is called p-typical if there is a homomorphism
ξ from Ω to B such that F = ξ∗FT . Evidently, FT is a universal p-typical formal group.
Proposition 2.4 [5, Theorem 15.2.9]. Every formal group over a Zp-algebra B is isomor-
phic to a p-typical one.
Lemma 2.5. Let ξ be a homomorphism from Ω to l. Then the height of the formal group
ξ∗FT is equal to the minimal i satisfying ξ(ti) = 0.
Proof. It follows from Lemma 2.2. 
Corollary 2.6. Every p-typical formal group over l is in normal form.
Proof. It follows from Theorem 2.3(ii) and Lemma 2.5. 
Now suppose Φ to be a p-typical formal group. By Corollary 2.6, it is in normal form.
Take a homomorphism ξ from Ω to l such that Φ = ξ∗FT . Let ri be the multiplicative
representative of ξ(ti) in O . Define a Qp-homomorphism η from Λ to L[t1, . . . , th−1] as
follows: η(ti) = ti for i < h; η(ti) = ri ∈ O for i  h. Put Γ = η∗FT . Then Γ is defined
over O[t1, . . . , th−1], and its reduction modulo p, t1, . . . , th−1 is equal to Φ . Moreover by
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universal deformation of Φ .
It is clear that the formal power series γ = η∗fT ∈ L[t1, . . . , th−1][[x]]p is the logarithm
of Γ . Denote an = η(dn) ∈ L[t1, . . . , th−1]. Then an is the coefficient of γ at xpn .
Proposition 2.7.
pan =
min(n,h−1)∑
j=1
t
pn−j
j an−j +
n∑
i=h
r
pn−i
i an−i .
Proof. It follows immediately from Proposition 2.1. 
3. Honda’s classification of formal groups and an explicit description of the
automorphism group
Honda developed a theory of formal groups over the ring of Witt vectors over a perfect
field of finite characteristic based on the properties of the logarithms of formal groups. That
enables, in particular, to describe explicitly the automorphism group of a formal group over
such field.
From now on, we suppose k to be an algebraic extension of l, and A to be the ring of Witt
vectors over k. Let K be the fraction field of A and ∆ denote the Frobenius automorphism
of K . The reduction from A to k modulo p will be denoted by overline.
We denote by E the non-commutative ring of formal power series over A in the variable
∆ with multiplication rule ∆a = a∆∆, a ∈ A. This ring has several common properties
with the standard power series ring A[[x]], namely:
(1) a power series s ∈ E is invertible iff the constant term of s is invertible in A;
(2) the non-commutative version of Weierstrass preparation lemma holds, i.e., for any
u ∈ E which is not divisible by p, there exists a unique invertible s ∈ E such that su
is a monic polynomial, and deg su is equal to the least power of ∆ in the power series
u which has an invertible coefficient;
(3) E admits uniquely defined left division transformation, it means that for any monic
polynomial u ∈ E and any s ∈ E, there exist unique q, r ∈ E such that s = qu + r , r
is a polynomial and deg r < degu.
Let ∆ operate on K[[x]]0 by the formula
∆
∞∑
n=1
cnx
n =
∞∑
n=1
c∆n x
pn.
That determines a left E-module structure on K[[x]]0.
Let u ∈ E be such that u ≡ p mod ∆. A power series f ∈ K[[x]]0 is said to be of type uif f (x) ≡ x mod x2 and uf ≡ 0 mod p.
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g ∈ A[[x]]0. Then s(f ◦ g) ≡ (sf ) ◦ g mod p.
Theorem 3.2 [6, Theorem 2]. Let u ∈ E, u ≡ p mod ∆ and f ∈ K[[x]]0 be of type u. Then
f is the logarithm of a formal group over A.
Lemma 3.3 [6, Proposition 2.6]. Let u1, u2 ∈ E, u1 ≡ p mod ∆ and f ∈ K[[x]]0 be of
type u1. If u2f ≡ 0 mod p, then there exists s ∈ E such that u2 = su1.
Lemma 3.4 [6, Lemma 4.2]. Let u ∈ E, u ≡ p mod ∆, f ∈ K[[x]]0 be of type u,
ψ1 ∈ K[[x1, . . . , xn]]0 and ψ2 ∈ A[[x1, . . . , xn]]0. Then f ◦ ψ1 ≡ f ◦ ψ2 mod p iff ψ1 ≡
ψ2 mod p.
Lemma 3.5 [6, Lemma 4.3]. Let F be a formal group over A with the logarithm f and
g ∈ K[[x]]0. Then g ◦ F(x, y) ≡ g(x) + g(y) mod p iff there exists s ∈ E such that g ≡
sf mod p.
Theorem 3.6 [6, Theorems 5 and 6]. Let w,w′ ∈ E, ui ∈ E, ui ≡ p mod ∆, fi ∈ K[[x]]0
be of type ui and Fi be the formal group with the logarithm fi for i = 1,2,3. Then
(i) f−12 (wf1) has coefficients in A iff there exists z ∈ E such that u2w = zu1;
(ii) if f−12 (wf1) has coefficients in A, then f−12 (wf1) ∈ Homk(F1,F2);
(iii) if f−12 (wf1) and f−13 (w′f2) have coefficients in A, then f−13 (w′wf1) has coefficients
in A and f−13 (w′wf1) = f−13 (w′f2) ◦ f−12 (wf1);
(iv) if ϕ ∈ Homk(F1,F2), then there exists w ∈ E such that f−12 (wf1) has coefficients in
A and f−12 (wf1) = ϕ.
Let u ∈ E, u ≡ p mod ∆, f ∈ K[[x]]0 be of type u and F be the formal group with
the logarithm f . Denote by Eu the set of power series w ∈ E satisfying uw = zu for
some z ∈ E. Evidently Eu is a subring of E, and Eu is a two-sided ideal in Eu. Define
a map µ from the ring Eu/Eu to EndkF by the formula µ(w + Eu) = f−1(wf ). Due to
Lemma 3.4, the definition is correct.
Proposition 3.7. µ is a ring isomorphism.
Proof. By Theorem 3.6(iii), µ is a homomorphism. Theorem 3.6(iv) implies that µ is
surjective. If f−1(wf ) = 0 holds for some w ∈ Eu, then due to Lemma 3.4, we have
wf ≡ 0 mod p. Now Lemma 3.3 implies that there exists s ∈ E such that w = su, i.e., w
ubelongs to the zero coset in E /Eu. Thus µ is injective. 
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Denote F0 = Γ (0, . . . ,0) ∈ O[[x, y]] and f0 = γ (0, . . . ,0) ∈ L[[x]]p . Evidently f0 is the
logarithm of the formal group F0, and the coefficient of f0 at xp
n is an(0, . . . ,0). Define
a Qp-homomorphism θ from Λ to L ⊆ K by the formula θ(ti) = ri . Then F0 = θ∗FT ,
f0 = θ∗fT and an(0, . . . ,0) = θ(dn) = dn(r1, . . . , rn).
We define R to be the E-submodule of K[[x]]p generated by f0. Let P denote the
E-submodule of R which consists of the formal power series with coefficients belonging
to pA, and put D = R/P . The E-module D is nothing else than the Dieudonné module of
the formal group Φ (see [3]).
Denote u0 = p −∑∞i=1 ri∆i ∈ O[[∆]] ⊂ E.
Proposition 4.1. u0f0 = px.
Proof. The coefficient of f0 at xp
n is an(0, . . . ,0). Taking into account that r∆i = rpi and
using the functional equation for fT , we obtain
u0f0 = pf0 −
∞∑
i=1
ri∆
i(f0) = pf0 −
∞∑
i=1
∞∑
n=0
rian(0, . . . ,0)∆
i
xp
i+n
= pf0 −
∞∑
i=1
∞∑
n=0
ridn
(
r
pi
1 , . . . , r
pi
n
)
xp
i+n = θ∗
(
pfT −
∞∑
i=1
tiσ
i(fT )
)
= px. 
Let D˜ = E∗(f0 + P) ⊂ D. We define on D˜ the actions of the multiplicative groups E∗
and (Eu0/Eu0)∗ = Eu0∗/(1 +Eu0).
Proposition 4.2. The actions
E∗ × D˜ → D˜: s(zf0 + P) = szf0 + P,
D˜ × (Eu0∗/(1 +Eu0))→ D˜: (zf0 + P)w(1 +Eu0) = zwf0 + P
are well defined and commute. The left action is transitive, the right one is faithful, and the
stabilizer of any element with respect to the right action is trivial.
Proof. We check that the right action is faithful. If (zf0 + P)w(1 + Eu0) = zf0 + P for
any z ∈ E∗ then (w − 1)f0 ∈ P which implies w ∈ 1 + Eu0 by Lemma 3.3. The left
action is transitive therefore the stabilizer of any element with respect to the right action is
trivial. 
Finally, we denote by S the set of orbits in D˜ with respect to the left action of the
group A∗ ⊂ E∗. Then S is equal to {A∗b(f0 + P) | b ∈ E∗}. It inherits from D˜ the right
action of Eu0∗/(1 + Eu0). The stabilizer of the element A∗(f0 + P) ∈ S with respect to
this action is A∗ ∩ Eu0∗ ⊂ Eu0∗/(1 + Eu0), and its orbit is {A∗b(f0 + P) | b ∈ A∗Eu0∗}.
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k over Fp , then u0 belongs to the center of E, and hence Eu0 = E. Thus, in this case,
the right action of Eu0∗/(1 + Eu0) = E∗/(1 + Eu0) on S is transitive. If, in addition,
k = Fp , then E is commutative, and the subgroup A∗ ∩ Eu0 = A∗ of Eu0∗/(1 + Eu0) =
E∗/(1 + Eu0) is normal, i.e., S becomes a principal homogeneous space for the action of
the group E∗/(A∗ +Eu0).
Lemma 4.3. Let F , G be formal groups over A with the logarithms f , g, respectively.
Then the reductions of F and G are equal iff there exists s ∈ E∗ such that g ≡ sf mod p.
Proof. According to Lemma 3.5, g ≡ sf mod p for some s ∈ E iff g ◦ F(x, y) ≡ g(x) +
g(y) mod p. But g(x)+ g(y) = g ◦G(x,y), and due to Lemma 3.4 g ◦ F ≡ g ◦G mod p
iff F ≡ G mod p. 
We define the map χ from the set of -isomorphism classes of deformations of Φ to S.
Let F be a deformation of Φ and f its logarithm. By Lemma 4.3, there exists s ∈ E∗ such
that f ≡ sf0 mod p. We put χ[F ] = A∗(sf0 + P). If f,g are logarithms of two -iso-
morphic deformations of Φ , then g−1(af ) ≡ x mod p for some a ∈ A∗ and Lemma 3.4
implies that g ≡ af mod p. Hence, for any s, s′ ∈ E satisfying f ≡ sf0 mod p and g ≡
s′f0 mod p, we have A∗(sf0 + P) = A∗(s′f0 + P). Thus the definition of χ is correct.
Proposition 4.4. χ is bijective.
Proof. Any element of S is of the form A∗(sf0 + P) with s ∈ 1 + ∆E. The power series
sf0 is of type u0s−1, and then by Theorem 3.2, it is the logarithm of a formal group F
defined over A. By Lemma 4.3, F is a deformation of Φ , and χ[F ] = A∗(sf0 + P). Thus
χ is surjective. If the deformations F1 and F2 of Φ with the logarithms f1 and f2 are such
that χ[F1] = χ[F2], then f2 ≡ af1 mod p for some a ∈ A∗. Due to Lemma 3.4, it implies
that f−12 (af1) ≡ x mod p, i.e., F1 and F2 are -isomorphic. Therefore χ is injective. 
Since the reduction of F0 is equal to Φ , we can apply Proposition 3.7 to identify
EndkΦ and the ring Eu0/Eu0. Then Autk Φ is identified with the multiplicative group
(Eu0/Eu0)∗ = Eu0∗/(1 +Eu0). Thus we have right actions of the group Eu0∗/(1 +Eu0)
on both the set of -isomorphism classes of deformations of Φ and S.
Theorem 4.5. χ is Eu0∗/(1 +Eu0)-equivariant.
Proof. Let F be a deformation of Φ and let f be its logarithm. Then by Lemma 4.3,
there exists s ∈ E∗ such that f ≡ sf0 mod p. Then the image of [F ] with respect to χ
is A∗(sf0 + P). Multiplying it by w(1 + Eu0) ∈ Eu0∗/(1 + Eu0) on the right, we obtain
A∗(swf0 + P). On the other hand, the automorphism of Φ corresponding to w(1 + Eu0)
is µ(w + Eu0) = f−10 (wf0), and it sends [F ] to [G], where G is the formal group with
logarithm g = a−1f ◦ f−10 (wf0) and a ∈ A∗ is such that w ≡ a mod ∆. By Lemma 3.1,
we have f ◦ f−10 (wf0) ≡ (sf0) ◦ f−10 (wf0) ≡ swf0 mod p. Hence the images of [G] with
respect to χ is also A∗(swf0 + P) and χ is Eu0∗/(1 +Eu0)-equivariant. 
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f0 corresponds to 1. It gives us the following identifications: D with E/Eu0, D˜ with
E∗/(1 + Eu0) and S with {A∗b(1 + Eu0) | b ∈ E∗}. By Lemma 2.5, the least power in
the formal power series u0 which has an invertible coefficient is h. Then according to
Weierstrass preparation lemma, there exists a unique s0 ∈ E∗ with coefficients in O such
that s0u0 is a monic polynomial of degree h. Since E admits uniquely defined left division
transformation, for any s ∈ E, there exist unique q, r ∈ E such that s = qs0u0 + r , where
r is a polynomial and deg r < h. If s is invertible, then r is also invertible. Thus the cosets
in D can be represented by the polynomials over A of degree less than h, and such a coset
belongs to D˜ iff the corresponding polynomial has an invertible constant term. Moreover,
the polynomials over A of degree less than h with constant term equal to 1 can be chosen as
representatives of the cosets in S. We call the polynomial of that sort belonging to the image
of a -isomorphism class of deformations of Φ with respect to χ the Dieudonné polynomial
of this class. The coefficients of the Dieudonné polynomial give a parameterization of
the set of -isomorphism classes of deformations of Φ . Our purpose is to compare this
parameterization with Lubin–Tate’s one. To be more precise, we will prove an explicit
formula expressing the coefficients of the Dieudonné polynomial through Lubin–Tate’s
parameters.
5. E-homomorphism α
Let πi ∈ O,0 i  h, be the coefficients of s0u0, i.e., s0u0 =∑hi=0 πi∆i where πh = 1
since s0u0 is monic and πi ∈ pO for 1  i  h − 1 because s0 is invertible. Define the
sequence ζn ∈ O in the following way: ζ0 = 1, ζn = 0 for 1 n h− 1 and
ζn = −
h−1∑
i=0
π∆
−h
i ζ
∆i−h
n+i−h
for n  h. Since πi ∈ pO for 0  i  h − 1, we have ν(ζn)  [n/h]. In particular,
lim ζn = 0.
Proposition 5.1. Let f =∑∞i=0 cixpi ∈ R. Then pci −∑ij=1 r∆i−jj ci−j ≡ 0 mod p for any
i  0.
Proof. If f = f0, then ci = ai(0, . . . ,0), and Proposition 2.7 implies that the equality
holds. Now, we are going to show that if the equality holds for f =∑∞i=0 cixpi ∈ R, then
it holds also for ∆f =∑∞i=1 c∆i−1xpi . Indeed
pc∆i−1 −
i−1∑
j=1
r∆
i−j
j c
∆
i−j−1 =
(
pci−1 −
i−1∑
j=1
r∆
i−1−j
j ci−1−j
)∆
≡ 0 mod p.Since f0 generates R as E-module, we obtain the required statement. 
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αn
( ∞∑
i=0
cix
pi
)
= pζnc0 +
∞∑
i=1
ζ∆
i
i+n
(
pci −
i∑
j=1
r∆
i−j
j ci−j
)
.
Since limi→∞ ζ∆
i
i+n = 0, Proposition 5.1 implies that the definition is correct.
Proposition 5.2. αn(f0) = pζn for any n 0.
Proof. The coefficient of f0 at xp
i is ai(0, . . . ,0). Then the required formula follows
immediately from Proposition 2.7. 
Let A{y}p denote the A-submodule of A[[y]]p consisting of the formal power series∑∞
n=0 cnyp
n
such that lim cn = 0. Let ∆ operate on A{y}p by the formula
∆
∞∑
n=0
cny
pn =
∞∑
n=0
c∆n+1yp
n
.
That determines a left E-module structure on A{y}p .
Since limn→∞ ζ∆
i
i+n = 0, Proposition 5.1 implies that limn→∞ αn(f ) = 0 for any
f ∈ R. Therefore we can define the A-linear map α :R → A{y}p by the formula α(f ) =∑∞
n=0 αn(f )yp
n
.
Proposition 5.3. α is a homomorphism of E-modules.
Proof. If f =∑∞i=0 cixpi ∈ R then ∆f =∑∞i=1 c∆i−1xpi . We compute
m∑
i=1
ζ∆
i
i+n
(
pc∆i−1 −
i−1∑
j=1
r∆
i−j
j c
∆
i−1−j
)
=
(
pζn+1c0 +
m−1∑
i=1
ζ∆
i
i+n+1
(
pci −
i∑
j=1
r∆
i−j
j ci−j
))∆
.
Now taking a limit over m, we obtain αn(∆f ) = αn+1(f )∆. Therefore α(∆f ) =∑∞
n=0 αn+1(f )∆yp
n = ∆α(f ), i.e., α is a homomorphism of E-modules. 
Proposition 5.4. α(P ) = 0.
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s ∈ E such that u = su0. Further, applying Propositions 5.3, 5.2 and the definition of ζn,
we obtain
α(f ) = su0α(f0) = ss−10 s0u0
∞∑
n=0
pζny
pn = pss−10
∞∑
n=0
h∑
i=0
πiζ
∆i
n+iyp
n = 0. 
6. Rigid analytic functions ρn and explicit calculation of the p-adic period map
We define the ring of rigid analytic functions K{{t1, . . . , th−1}} as the subring of
K[[t1, . . . , th−1]] consisting of the formal power series
f =
∑
I=(i1,...,ih−1)∈Nh−1
fI t
I
such that ν(fI ) + |I | → ∞ as |I | → ∞, where fI = fi1,...,ih−1 , t I = t i11 t i22 · · · t ih−1h−1 , |I | =
i1 + · · · + ih−1 and ν is the normalized valuation of K . Such power series converge if the
variables ti , 1 i  h− 1, take value in pA. It means that the rigid analytic functions can
be evaluated on the set pA× · · · × pA (h− 1 times).
Define a norm on K{{t1, . . . , th−1}} by
‖f ‖ = p−minI∈Nh−1 {ν(fI )+|I |}.
This norm provides K{{t1, . . . , th−1}} with the structure of Banach K-algebra (see
[1, Section 6.1.5, Proposition 1]). If a sequence of rigid analytic functions converges to
f ∈ K{{t1, . . . , th−1}}, then the sequence of their values at a point in pA× · · · ×pA (h− 1
times) converges to the value of f at this point.
Proposition 6.1. The sequence of polynomials
pζna0 +
m∑
i=1
ζ∆
i
i+n
(
pai −
i∑
j=1
r∆
i−j
j ai−j
)
∈ L[t1, . . . , th−1]
converges in L{{t1, . . . , th−1}} to the formal power series
ρn = pζn +
∞∑
i=1
min(i,h−1)∑
j=1
ζ∆
i
i+nt
pi−j
j ai−j = pζn +
∞∑
i=0
h−1∑
j=1
ζ∆
i+j
i+j+nt
pi
j ai .
Proof. By Proposition 2.7, we have
ζ∆
i
i+n
(
pai −
i∑
r∆
i−j
j ai−j
)
=
min(i,h−1)∑
ζ∆
i
i+nt
pi−j
j ai−j .j=1 j=1
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we have ∥∥∥∥∥
min(i,h−1)∑
j=1
ζ∆
i
n+i t
pi−j
j ai−j
∥∥∥∥∥ pi−pi−h+1,
i.e., the sequence of polynomials under consideration is a Cauchy sequence in L{{t1, . . . ,
th−1}}. 
Proposition 6.2. ρn(τ1, . . . , τh−1) = αn(γ (τ1, . . . , τh−1)) for any τi ∈ pA and n 0.
Proof. The coefficient of γ (τ1, . . . , τh−1) at xp
i is ai(τ1, . . . , τh−1). Since the evaluation
of a rigid analytic function at a point in pA×· · ·×pA (h−1 times) commutes with taking
limit, Proposition 6.1 implies the required equality. 
Lemma 6.3. Let f ∈ K{{t1, . . . , th−1}}, f (0) = 1 and ‖f − 1‖ < 1, i.e., ν(fJ ) + |J | > 0
for any J ∈ Nh−1, J = (0, . . . ,0). Then f is invertible in K{{t1, . . . , th−1}}.
Proof. Let f ′(t1, . . . , th−1) = f (pt1, . . . , pth−1). Then we have f ∈ K{{t1, . . . , th−1}} iff
ν(f ′J ) → ∞ as |J | → ∞, i.e., f ′ =
∑
f ′J tJ belongs to the Tate algebra Th−1(K). By
[1, Section 5.1.3, Proposition 1], an element f ′ ∈ Th−1(K) such that f ′(0) = 1 is invertible
iff ν(f ′J ) > 0 for any J ∈ Nh−1, J = (0, . . . ,0). Since f ′ is invertible iff f is invertible,
we are done. 
Proposition 6.4. ρ0 is invertible in L{{t1, . . . , th−1}}.
Proof. ρ0 ≡ pζ0 = p mod t1, . . . , th−1. We will prove that ρ0/p is invertible in K{{t1, . . . ,
th−1}}. By Lemma 6.3, it is enough to show that ‖ρ0/p − 1‖ < 1. Since ζn = 0 for 1 n
h − 1 and ν(ζn) [n/h], we obtain ν(ζn) 1 for any n 1. From the recursive formula
for ai , it follows that ‖ai‖ pi . Therefore ‖∑h−1j=1 ζ∆i+ji+j tpij ai‖ p−1−pi+i  p−2 for any
i  0, and thus ‖ρ0 − p‖ p−2, i.e., ‖ρ0/p − 1‖ p−1 < 1. 
Now let 1 +∑h−1i=1 βi∆i be the Dieudonné polynomial of the -isomorphism class of
deformations of Φ which contains the formal group Γ (τ1, . . . , τh−1). Then the formal
group with the logarithm (1 + ∑h−1i=1 βi∆i)f0 is -isomorphic to Γ (τ1, . . . , τh−1), i.e.,
there exists ε ∈ A∗ such that
γ (τ1, . . . , τh−1)−1
(
ε
(
1 +
h−1∑
i=1
βi∆
i
)
f0
)
≡ x mod p.
Then by Lemma 3.4, it implies γ (τ1, . . . , τh−1) ≡ ε(1 +∑h−1i=1 βi∆i)f0 mod p. Proposi-
tions 6.2, 5.4, 5.3 and 5.2 give
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n=0
ρn(τ1, . . . , τh−1)yp
n = α(γ (τ1, . . . , τh−1))= α
(
ε
(
1 +
h−1∑
i=1
βi∆
i
)
f0
)
= ε
(
1 +
h−1∑
i=1
βi∆
i
)
α(f0) = pε
(
1 +
h−1∑
i=1
βi∆
i
) ∞∑
n=0
ζny
pn.
Writing down the coefficients at ypn , 0  n  h − 1, in the left and right parts of this
equality, we obtain the following system of h linear equations on pε,pεβ1, . . . , pεβh−1:(
ρ0(τ1, . . . , τh−1), ρ1(τ1, . . . , τh−1), . . . , ρh−1(τ1, . . . , τh−1)
)
= (pε,pεβ1, . . . , pεβh−1)Z,
where Z = {ζ∆ii+j }h−1i,j=0 is an h× h matrix with entries from O .
Since ζ0 = 1, ζn = 0 for 1 n h−1 and ζh = −π∆−h0 = 0, the matrix Z becomes after
an obvious permutation of rows a triangle matrix with non-zero elements on its diagonal.
Thus Z is invertible, and the linear system has a unique solution. Taking into account
Proposition 6.4, we can summarize our results in the following theorem.
Theorem 6.5. Let τj ∈ pA and βi ∈ A, 1 i, j  h− 1, be such that
χ
[
Γ (τ1, . . . , τh−1)
]= A∗((1 + h−1∑
i=1
βi∆
i
)
f0 + P
)
∈ S.
Then βi can be explicitly expressed through τi with the aid of the following rigid analytic
functions with coefficients in L: βi = ((ρ0, . . . , ρh−1)Z−1)i/ρ0, where Z = {ζ∆ii+j }h−1i,j=0.
7. Applications
According to Theorem 6.5, βi can be considered as rigid analytic functions on the
Lubin–Tate polydisk pA× · · ·×pA (h− 1 times). One can use them for checking several
properties of deformations of Φ with given moduli.
Proposition 7.1. Let τj ∈ pA for 1  j  h − 1. Then Γ (τ1, . . . , τh−1) is isomorphic to
F0 iff 1 +∑h−1i=1 βi∆i ∈ A∗Eu0∗, where βi = ((ρ0, . . . , ρh−1)Z−1)i/ρ0, 1 i  h− 1.
Proof. The element A∗(sf0 + P) ∈ S belongs to the orbit of A∗(f0 + P) with respect to
the right action of Eu0∗/(1 + Eu0) on S iff s ∈ A∗Eu0∗. The required statement follows
from Theorems 4.5, 6.5 and Proposition 1.3. 
Proposition 7.2. Let w ∈ Eu0∗ and τ (k)j ∈ pA, β(k)i ∈ A for k = 1,2, 1 i, j  h − 1, be∑
such that χ[Γ (τ (j)1 , . . . , τ (j)h−1)] = A∗((1 + h−1i=1 β(j)i ∆i)f0 + P) ∈ S. Then
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Γ
(
τ
(1)
1 , . . . , τ
(1)
h−1
)]
µ(w +Eu0) =
[
Γ
(
τ
(2)
1 , . . . , τ
(2)
h−1
)]
iff a(1, β(1)1 , . . . , β(1)h−1)C(w) = (1, β(2)1 , . . . , β(2)h−1)
for some a ∈ A∗, where C(w) is the matrix of the right multiplication by the element w on
E/Eu0 in the basis 1,∆, . . . ,∆h−1.
Proof. It is an immediate consequence of Theorem 4.5. 
Let us consider a metric d on the set of -isomorphism classes of deformations of Φ
over A defined by the formula
d
([
Γ
(
τ
(1)
1 , . . . , τ
(1)
h−1
)]
,
[
Γ
(
τ
(2)
1 , . . . , τ
(2)
h−1
)])= exp(− min
1jh−1ν
(
τ
(1)
j − τ (2)j
))
.
According to Yu [9, Section 2], the number min1jh−1 ν(τ (1)j − τ (2)j ) has the following
interpretation: it is the maximal i such that the identity homomorphism between the re-
ductions of Γ (τ (1)1 , . . . , τ
(1)
h−1) and Γ (τ
(2)
1 , . . . , τ
(2)
h−1) can be deformed to an isomorphism
over A/piA. Further, we define a filtration {Un}n1 on the group Eu0∗/(1 + Eu0) as fol-
lows: let Un be the image of the subgroup (A∗ + pnE) ∩ Eu0∗ of Eu0∗ with respect to
the factorization by 1 + Eu0. Remark that the intersection of the groups Un is the stabi-
lizer of the class [F0]. Evidently, any element of Un can be uniquely written in the form
w0 + pn∑h−1i=1 wi∆i +Eu0, where w0 ∈ A∗, wi ∈ A for 1 i  h− 1.
Proposition 7.3. Let p = 2, w ∈ Eu0∗, τ (k)j ∈ pA for k = 1,2 and 1  j  h − 1. Let
formal groups Fk = Γ (τ (k)1 , . . . , τ (k)h−1), k = 1,2, be such that [F2] = [F1]µ(w + Eu0). If
w +Eu0 ∈ Um then d([F1], [F2]) exp(−m− 1).
Proof. We assume w = w0 + pm∑h−1i=1 wi∆i with w0 ∈ A∗, wi ∈ A for 1 i  h − 1. If
C(w) is the matrix of the right multiplication by the element w on E/Eu0 with respect to
the basis 1,∆, . . . ,∆h−1 then C(w) ≡ w0Ih mod pm where Ih is the identity h×h matrix.
Therefore by Proposition 7.2 we have β(1)i ≡ β(2)i mod pm for 1 i  h− 1. It was shown
in the proof of Theorem 6.5 that ρ(k)0 = pε(k) and ρ(k)h−i = pε(k)
∑h−i−1
j=0 β
(k)
i+j ζ∆
i+j
h+j for
1  i  h − 1, k = 1,2. Hence ρ(1)0 − ρ(2)0 = p(ε(1) − ε(2)) and ρ(1)h−iε(2) − ρ(2)h−iε(1) =
pε(1)ε(2)
∑h−i−1
j=0 (β
(1)
i+j − β(2)i+j )ζ∆
i+j
h+j ≡ 0 mod pm+2 for 1 i  h− 1.
Suppose our claim is false, i.e., min1jh−1 ν(τ (1)j − τ (2)j )  m. Let 1  n  h − 1
be such that ν(τ (1)n − τ (2)n )  ν(τ (1)j − τ (2)j ) for any 1  j  h − 1 and ν(τ (1)n − τ (2)n ) <
ν(τ
(1)
j − τ (2)j ) for j > n. Denote λ = ν(τ (1)n − τ (2)n ). As ν(ζh) = 1, we have
ν
(
ζ∆
n
h
(
τ (1)n − τ (2)n
))= λ+ 1.
jFurther, ν(ζ∆h+j−n(τ
(1)
j − τ (2)j )) λ+ 2 for j > n and
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(
h−1∑
j=1
ζ∆
i+j
i+j+h−n
(
τ
(1)
j
pi − τ (2)j
pi )
ai
)
 1 + λ+ (pi − 1)− i  λ+ 2
for i  1 since piai ∈ A and p  3. It gives
ν
(
ρ
(1)
h−n − ρ(2)h−n
)= ν(ζ∆nh (τ (1)n − τ (2)n )+ h−1∑
j=n+1
ζ∆
j
h+j−n
(
τ
(1)
j − τ (2)j
)
+
∞∑
i=1
h−1∑
j=1
ζ∆
i+j
i+j+h−n
(
τ
(1)
j
pi − τ (2)j
pi )
ai
)
= λ+ 1.
Similarly
ν
(
ρ
(1)
0 − ρ(2)0
)= ν( ∞∑
i=1
h−1∑
j=1
ζ∆
i+j
i+j
(
τ
(1)
j
pi − τ (2)j
pi )
ai
)
 λ+ 2.
Since
ν
(
h−1∑
j=1
ζ∆
i+j
i+j+h−nτ
(2)
j
pi
ai
)
 1 + pi − i  2
for i  0, we obtain
ν
(
ρ
(2)
h−n
)= ν(pζh−n + ∞∑
i=0
h−1∑
j=1
ζ∆
i+j
i+j+h−nτ
(2)
j
pi
ai
)
 2.
Finally taking into account that ν(ε(2)) = 0 we deduce
ν
((
ρ
(1)
h−n − ρ(2)h−n
)
ε(2) − p−1ρ(2)h−n
(
ρ
(1)
0 − ρ(2)0
))= λ+ 1.
Since λm, it contradicts the congruence (ρ(1)h−n − ρ(2)h−n)ε(2) − p−1ρ(2)h−n(ρ(1)0 − ρ(2)0 ) =
ρ
(1)
h−nε(2) − ρ(2)h−nε(1) ≡ 0 mod pm+2. Thus we proved that
d
([F1], [F2])= exp(− min
1jh−1ν
(
τ
(1)
j − τ (2)j
))
 exp(−m− 1). 
For a deformation F and an integer n 0 denote by B(F,n) the open ball in the set of
-isomorphism classes of deformations of Φ with center [F ] of radius exp(−n), i.e.,{ ( ) }B(F,n) = [G] | d [G], [F ] < exp(−n) .
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B(F,n), w +Eu0 ∈ Um and [F2] = [F1]µ(w +Eu0). Then [F2] ∈ B(F,min{n,m+ 1}).
Now we are going to consider the case when Φ is the reduction of the Artin–Hasse
formal group over Zp of height h. It means that Φ = ξ∗FT , where the Qp-homomorphism
ξ from Ω to Fp is defined as follows ξ(ti) = δi,h and δ is the Kronecker delta. Then
ri = δi,h, u0 = p−∆h, s0 = −1, πi = −pδi,h for 0 i  h−1, and hence, ζih+n = piδn,0
for 0 n h− 1. Further, we calculate
pζna0 +
mh∑
i=1
ζ∆
i
i+n
(
pai −
i∑
j=1
r∆
i−j
j ai−j
)
= pδn,0a0 + p(pah−n − δn,0a0)+
m∑
i=2
pi(paih−n − aih−n−h)
= p2ah−n +
(
pm+1amh−n − p2ah−n
)= pm+1amh−n.
Thus ρn = limm→∞ pm+1amh−n for 0  n  h − 1. The matrix Z = {ζ∆ii+j }h−1i,j=0 has 1 at
the left upper corner and p below the non-main diagonal, all other entries are 0. Therefore
βi = p−1ρh−i/ρ0 for 1 i  h− 1. Finally, we obtain
βi = p−1 limm→∞ p
m+2a(m+1)h−(h−i)
limm→∞ pm+1amh
= lim
m→∞
amh+i
amh
.
We notice that if the degree of k over Fp is equal to h, then u0 = p − ∆h belongs to
the center of E, and hence, the group of k-automorphisms of Φ acts on the set of -iso-
morphism classes of deformations of Φ over A transitively. Moreover in this case, this
group being identified with Eu0∗/(1 + Eu0) = E∗/(1 + E(p − ∆h)) is isomorphic to the
multiplicative group of the maximal order in the central division algebra over Qp of rank
h2 and invariant 1/h.
If Φ is the reduction of the Artin–Hasse formal group, the matrix C(w) from Proposi-
tion 7.2 can be easily written in terms of the coefficients of w. Namely, if w =∑h−1i=0 ωi∆i ,
then C(w) = {cij }h−1i,j=0, where ci,j = ω∆
i
j−i if j  i, and ci,j = pω∆
i
h+j−i if j < i. Thus in
this special case, Proposition 7.2 gives the result of Gross and Hopkins on the equivariance
of a p-adic period map (see [4, Proposition 23.5]).
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